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Many of the examples shown in this document were chosen to illustrate the intent of particular 
outcomes of Pure Mathematics 30 but will not necessarily be assessed on a diploma examination 
in the manner shown.  Some examples were developed and validated by classroom teachers of 
mathematics but have not been validated with students.  Other examples were taken from the 
previous Pure Mathematics 30 diploma examinations.   
 
To meet the outcomes of Pure Mathematics 30, students will need access to an approved 
graphing calculator.  In most classrooms, students will use a graphing calculator daily.  Refer to 
pages 137 and 138 or go to the Alberta Education web site, www.education.gov.ab.ca, for a list 
of approved graphing calculators. 
 
This document presents a final revision of the curriculum standards.  If you have comments or 
questions regarding this document, please contact Ken Marcellus by e-mail at 
Ken.Marcellus@gov.ab.ca, by phone at (780) 427-0010, or by fax at (780) 422-4454. 
 
Learner Assessment would like to recognize and thank the many teachers throughout the 
province who helped to prepare this document.  We would also like to thank the Curriculum 
Branch and the Learning Technologies Branch for their input and assistance in reviewing these 
standards. 
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 1 Pure Mathematics 30 
  Transformations of Functions 

 

Transformations of Functions 

 
General Outcome   
Perform, analyze, and create transformations of functions and relations that are described by 
equations or graphs. 
 

General Notes:  
• Analysis of domain, range, intercepts, and asymptotes will be addressed in these outcomes. 
• The use of the notation  y – k = f (x)  is intended to emphasize that this is a transformation 

on  y;  this notation is particularly useful when transforming conic sections.  This notation 
can be expressed as  y = f (x) + k  for use on the graphing calculator. 

• Students should be able to perform, analyze, and describe the transformation of any 
relation given its graph.  

• To develop algebraic transformations, one should begin with functions that have been 

previously studied; i.e., = ,y x  2= ,y x  3= ,y x  = ,y x  1= ,y
x

 = .y x    

• By the end of the Pure Mathematics 30 course, students should be able to perform, analyze, 
and describe transformations on the additional functions and relations studied in the course;  
i.e., trigonometric functions, logarithmic functions, quadratic relations (conic sections), and 
exponential functions. 

• Students should recognize that invariant points are defined as points that do not move when 
a function undergoes transformation(s). 

• Knowledge of = ( )y f x  is no longer part of the curriculum; however, students will be 

expected to transform = .y x  

 
 
Specific Outcomes 
 
Specific Outcome 1.1 

Describe how various translations of functions affect graphs and their related equations: 
• y = f (x – h) 
• y – k = f (x) 

[C, T, V] 
 
1.1 Note:  
•  For y = f (x), translations occur when x is replaced with (x – h) and y is replaced with  

(y – k). 
 
(See examples 1 and 2) 
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Specific Outcome 1.2   

Describe how various stretches of functions (compressions and expansions) affect graphs and 
their related equations: 

• y = af (x) 
• y = f (kx) 

[C, T, V] 
 
1.2 Notes:  

• Given that vertical stretches by a factor of a  occur when y is replaced with 1 ,y
a

 the 

transformed equation can be written as 1 ( ).y f x
a

=  

• Given that horizontal stretches by a factor of 1
k

 occur when x is replaced with kx,  the 

transformed equation can be written as = ( ).y f kx  
• Students must be able to indicate the line about which a given function is stretched 

vertically or horizontally.   
• A stretch about a horizontal or vertical line other than the x- or y-axis should be limited to 

sketching a stretch of a given graph and interpreting the characteristics, properties, and 
equation of the stretched graph. 

• Students may find it useful to describe these transformations in this manner:  “The graph  
of the function is stretched vertically/horizontally about the line __________ by a stretch 
factor of __________.”   

 
(See examples 3 and 4) 
(Also see example 10c in Conics) 

 
 
Specific Outcome 1.3   

Describe how reflections of functions in both axes and in the line  y = x  affect graphs and their 
related equations: 

• y = f (–x) 
• y = –f (x) 
• y = f –1(x) 

[C, T, V] 
 

1.3 Notes:   
• The notation  y = f –1(x)  is equivalent to  x = f (y),  the inverse of  y = f (x),  not to the 

reciprocal of a function.  Also,  y = f –1(x)  should only be used if the inverse is a function. 
• Some questions should combine horizontal and vertical reflections. 
 
(See examples 5 and 6) 
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Specific Outcome 1.4   

Using the graph and/or the equation of  f (x),  describe and sketch  
)(

1
xf

.  [C, T, V] 

1.4 Note:  
• Domain, range, asymptotes and invariant points should be discussed.  This outcome is  

a continuation of rational functions studied in Pure Mathematics 20.   
 
(See examples 7, 8, and 9) 

 
Specific Outcome 1.5   

Describe and perform single transformations and combinations of transformations on functions 
and relations.  [C, T, V] 

 
1.5 Notes:  
• On the diploma examination, transformations of relations may be assessed as part of the 

conics unit.  
• Students must realize that a transformed function rewritten as  y = a • f [b(x – h)] + k   

or as  1 ( ) = [ ( )]y k f b x h
a

− −   will be drawn or described by using stretches/reflections, 

followed by translations.  
 
(See example 10) 
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Acceptable Standard 

 
Standard of Excellence 

The student can 
 

The student can also 

• determine and describe the effects of a 
transformation on the domain, the range, and 
the intercepts, and identify invariant points of 
the relation or function 

 

• recognize the graph associated with an 
algebraic function (as listed in the general 
notes)  

• determine the equation of a transformed 
function given its graph 

• use appropriate notation to describe a 
transformation 

 

• perform, analyze, and describe a horizontal 
translation  (y = f (x – h)) and/or a vertical 
translation  (y – k = f (x))  graphically or 
algebraically, given the function  f  in 
equation or graphical form   

 
                  

• perform, analyze, and describe a horizontal 
stretch about the y-axis (y = f (bx),  where  
b > 0)  or a vertical stretch about the x-axis  
(y = af (x),  where  a > 0)  graphically or 
algebraically, given the function  y = f (x)  in 
equation or graphical form 

• perform, analyze, and describe a horizontal 
stretch and reflection about the y-axis  
(y = f (bx),  where  b < 0,  b ≠ –1)  or a 
vertical stretch and reflection about the 
x-axis (y = af (x),  where  a < 0,  a ≠ –1),  
graphically or algebraically, given the 
function  y = f (x)  in equation or graphical 
form 

• perform, analyze, and describe a reflection in 
the x-axis (y = –f (x)) and/or in the y-axis 
(y = f (–x)), or in the line  y = x  (y = f –1(x))  
graphically or algebraically, given the 
function  f  in equation or graphical form 

• perform, analyze, and describe a horizontal 
or vertical stretch about a line other than the 
x- or y-axis, given the function  y = f (x)  in 
graphical form 

• sketch and describe  
)(

1
xf

y =   given the 

equation or graph of  f (x) 

 

• analyze domain, range, vertical asymptotes, 

and invariant points of 
)(

1
xf

y =  

• analyze and determine the equation of  

)(
1
xf

y = ,  given the graph of  f (x) 

• perform, analyze, and describe combinations 
of transformations on functions or relations 
not involving reflections 

• perform, analyze, and describe combinations 
of transformations on functions or relations 
involving reflections 

• participate in and contribute toward  
the problem-solving process for  
problems involving the transformations  
of functions and relations studied in  
Pure Mathematics 30 

• complete the solution to problems involving 
the transformations of functions and 
relations studied in Pure Mathematics 30 

 



 5 Pure Mathematics 30 
  Transformations of Functions 

 
Examples 
 
Students who achieve the acceptable standard should be able to answer all the following 
questions, except for any part of a question labelled SE .  Parts labelled SE  are appropriate 
examples for students who achieve the standard of excellence. 
 
 
  
            
Numerical Response  
 

1. As a result of the transformation of the graph of  y = x3  into the graph of  y – 4 = (x – 3)3,  
point  (3, 27)  becomes point  (6, y).  The value of  y  is __________. 

 
Solution:  31 
 
 y – 4 = (6 – 3)3   
 y – 4 = 27 
 y = 31 

or 

y = (x – 3)3 + 4 is y = x3 with a horizontal shift of 3 units right and a vertical shift  
of 4 units up.  Therefore, 27 becomes 31. 

 
 
 
2. The graph of  y = f (x) = bx ,  where  b > 1,  is translated such that the equation of the new 

graph is expressed as  y – 2 = f (x – 1).  The range of the new function is 
 
 * A. y > 2 
  B. y > 3 
  C. y > –1 
  D. y > –2 
 
Solution: 
 

The range of y = bx  is y > 0.  The translated graph has been shifted up 2 units and so the 
new range is y > 2.   
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3. If  y  is replaced by  y
2
1   in the equation  y = f (x),  then the graph of  y = f (x)  will be 

stretched 

  A. horizontally about the y-axis by a factor of  
2
1  

  B. horizontally about the y-axis by a factor of  2 

  C. vertically about the x-axis by a factor of  
2
1  

 * D. vertically about the x-axis by a factor of  2 

 
Solution: 
 

 1
2

y  = f (x) 

 y = 2 • f (x) 
 
Therefore, the graph of y = f (x) will be vertically stretched about the x-axis by a factor  
of 2.   
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Use the following information to answer the next question. 

 
The partial graph of  y = f (x)  is shown below. 
 

–5 5

5

y

x
(–2, 0)

(0, 3) (4, 3)

(2, 4)

(6, 0)

f

 
 

 

SE  4. If the above graph is stretched vertically about the line  y = 3  by a factor of  1 ,
2

  then  

it will have 
 
 
 * A. invariant points at (0, 3) and (4, 3) 

  B. invariant points at (–2, 0) and (6, 0) 

  C. an invariant point at (1, 4) 

  D. an invariant point at (0, 3) 
 
Solution: 
 

Points on the line y = 3 are invariant. 
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SE  5. A transformed image of a partial graph of  y = x2  is shown below.  The two partial graphs 

are congruent and the vertex of the transformed image is at  (3, –3).  Determine the 
equation of the transformed image.  Explain your answer. 

 
 

2–2–4 4 6 8

–2

2

4

–4

–6

y

x

 
 
Solution: 
 
 Since the graph opens downward, it is a reflection of y = x2 in the x-axis.  The graph has 

been translated horizontally 3 units in the positive x direction and vertically 3 units in the 
negative y direction; therefore, the equation is y + 3 = –1(x – 3)2 or y = –1(x – 3)2 – 3.  
Because the graphs are congruent, the absolute value of a remains at 1.    
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Numerical ResponseSE  

 
6. The graph of  y = f (x),  where  ( ) = + 4 + 1f x x ,  is reflected in the y-axis.  This 

 produces the same results as would translating the graph of  y = f (x)  to the right 

 by  __________  units. 
 
Solution:  8 
 

y

x
5

5

–5–10 108 Units right

f

reflection of 

              f 

 
 

The graph of ( ) = + 4 + 1f x x  is 4 units to the left of the y-axis; therefore, the reflected  

graph is 4 units to the right of the y-axis.  The reflected graph is 8 units to the right of the  

original graph. 

or  

replace x with –x y = + 4 + 1x−  

  = ( 4) + 1x− −  
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Use the following information to answer the next question. 

 
The partial graph of  y = f (x)  with all of its x-intercepts is shown below.   
 

2

6

y

x

C(–4, 3)

A(1, –2)

B(5, 2)

4 6 8 10–6–8 –4 –2

4

2

–2

–4

f

 
 
The x-intercepts of  f  are at  (–1, 0)  and  (3, 0).  The y-intercept of  f  is at  (0, –1). 

 
 
7. a. The graph of  y = f (x)  is transformed by stretching it horizontally about the y-axis  

  by a factor of  1 ,
2

  then translating it horizontally left by  1  unit, and finally  

  translating it vertically up by  3  units.  Express the resulting transformed function  

  in terms of  f (x). 

 
SE  b. The graph of  y = f (x)  is reflected about the y-axis and then reflected about the x-axis.  

State the new x- and y-intercepts of the transformed graph.  
 
 c. State the equation of the vertical asymptotes and the coordinates of the invariant points 

when  y = f (x)  is transformed to  1= .
( )

y
f x

 

 
Solutions: 

 a. The horizontal stretch by a factor of 1
2

 y = f (2x) 

  The translation left 1 y = f [2(x + 1)] 
  The translation up 3 units y – 3 = f [2(x + 1)]   
   or  y = f [2(x + 1)] + 3  

 b. The y-intercept is at (0, 1) and the x-intercepts are at (1, 0) and (–3, 0). 

 c. The vertical asymptotes are x = – 1 and x = 3.   
  The invariant points are at (0, –1), and approximately (–2, 1), (2, –1), and (4, 1). 
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Use the following information to answer the next question. 

 
The partial graph of  y = f (x)  is shown below. 

y

x

f

 
 

 

8. Which of the following graphs represents  
)(

1
xf

y = ? 

 
* y

x

y

x

y

x

y

x

A. B.

D.C.

 
   
Solution: 

A is the only alternative that has two vertical asymptotes, a negative y-intercept, and  
no x-intercepts.    
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Use the following information to answer the next question. 

 
The partial graphs of two functions,  f  and  g,  are shown below. 
 

 

y

x

•

•
(1, ½)

f
(0, 1)

 

y

x

•

•

(1, 2)
g

(0, 1)

 
 

 
9. If graph  g  is a transformation of graph  f,  then the equation that generates graph  g  is 
 
  A. ( ) = ( )g x f x−  

  B. ( ) = ( )g x f x  

  C. ( ) = ( )g x f x−  

 * D. 1( ) =
( )

g x
f x

 

 
Solution: 

Since the point (0, 1) stays fixed (invariant) and the point 11,
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 becomes point (1, 2), the  

y-coordinates are reciprocals of each other.  Therefore, the functions are also  

reciprocals of each other. 
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Use the following graphs to answer the next question. 

 

y

x
–3 –2 –1 1 2 3

3

2

1

–1

–2

–3

Graph 1

(0, 1)

(1, 0)

(0, –1)

(–1, 0)

 
 

y

x
–3 –2 –1 1 2 3 4 5 6 7 8

7

6

5

4

3

2

1

–1

–2

–3

(4, 0)

(6, 3)

(4, 6)

(2, 3)

Graph 2

 
 

 
10. The graph of a diamond has a centre at point  (0, 0)  and goes through the points  (–1, 0),  

(0, 1),  (1, 0),  and  (0, –1),  as shown in graph 1 above.  Describe the series of 
transformations required to transform graph 1 to graph 2 above, which is a diamond with 
centre at point  (4, 3),  a vertical length of  6  units measured parallel to the y-axis, and 
a horizontal width of  4  units measured parallel to the x-axis.  

 
Solution: 
 
 Graph 1 has to be stretched vertically about the x-axis by a factor of 3 and stretched 

horizontally about the y-axis by a factor of 2.  The graph is then translated 4 units to the 
right and 3 units up. 

or 
Graph 1 is translated 4 units to the right and 3 units up.  The graph is then stretched 
vertically about the line y = 3 by a factor of 3 and stretched horizontally about the line x = 4 
by a factor of 2. 
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Exponents, Logarithms, and Geometric Series 

 
General Outcome 

Generate and analyze exponential patterns. 
 
Solve exponential and logarithmic equations and verify identities. 
 
Represent and analyze exponential and logarithmic functions, using technology as appropriate. 
 

General Note: 
• The window format for graphing calculators is  x: [xmin, xmax, xscl]  y: [ymin, ymax, yscl]. 

 
 
 
Specific Outcomes 
 
Specific Outcome 2.1   

Derive and apply expressions to represent general terms and sums for geometric growth and to 
solve problems.  [CN, R, T] 
 

2.1 Notes:   
• Revisit geometric sequences from Pure Mathematics 10.  The general term was not  

an outcome in Pure Mathematics 10 and should be derived in class.  Students are expected 
to apply the general term to examples and problems.   

• The use of sigma notation to represent geometric series is part of this outcome. 
• This outcome is not intended to include the recursive definition of a geometric sequence. 
 
(See examples 1, 2, 3, 4, and 5) 
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Specific Outcome 2.2   

Connect geometric sequences to exponential functions over the natural numbers.  [E, R, V] 
 

2.2 Notes:   
• The use of discrete data and discrete graphs is the focus of this outcome.  The solutions for  

n  are over the natural numbers.  The use of tables and elements from the graph can be 
incorporated with technology to solve these problems.  

• The exponent is to be a natural number. 
• Teachers may wish to graph discrete data or to have students collect real-world data and 

use exponential regression to find an equation that models their data. 
• To solve compound interest problems,  A = P(1 + i)n  could be used as an example of  

a geometric sequence.   
 
(See examples 6 and 7) 

 
 
 
Specific Outcome 2.3   

Solve exponential equations having bases that are powers of one another.  [E, R] 
 
(See example 8) 

 
 
 
Specific Outcome 2.4   

Use the laws of exponents and logarithms to 
• solve and verify exponential equations and identities 
• solve logarithmic equations 
• simplify logarithmic expressions 
[R] 
 

2.4 Notes:   
• The emphasis in this outcome is on algebraic methods of solving. 
• Exponential and logarithmic equations can be solved by a non-graphical process on some 

graphing calculators.   
• The proving of exponential and logarithmic identities is not intended.   
 
(See examples 9, 10, 11, 12, 13, and 21) 
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Specific Outcome 2.5   

Graph and analyze an exponential function, using technology.  [R, T, V] 
 

2.5 Notes:   
• Exponential functions could be analyzed without technology as a precursor to the 

technological approach. 
• Analysis should include domain, range, x- and y-intercepts, and horizontal asymptotes.   
• The relationship between the graph of the exponential function and the graph of its inverse 

(the logarithmic function) should be introduced here. 
• Outcomes from Transformations should be applied to exponential functions. 
• Students should be able to predict the changes to the graph for changing values of  b  using 

the form  y = abx. 
• Students should be able to use a graphical approach when solving exponential equations. 
 
(See examples 14 and 15) 

 
 
Specific Outcome 2.6  

Model, graph, and apply exponential functions to solve problems.  [PS, T, V] 
 

2.6 Notes:  
• Care must be taken in solving exponential equations because students may need to have 

knowledge of logarithmic laws. 
• Students should use the context of the question to decide if the data is discrete or 

continuous.  Compound interest is considered discrete where  n ∈ N,  whereas bacterial 
growth or decay is continuous where  t  ≥ 0,  t ∈ R. 

• Formulas will be given unless the question fits the form  
total time

time for 1 periodFinal = Initial (Factor) .  
• Students are expected to be able to determine the parameters  a  and  b  in the exponential 

function  y = abx  by using the regression feature on their calculator for a given set of data. 
 
(See examples 16, 17, and 18) 

 
 
Specific Outcome 2.7   

Change functions from exponential form to logarithmic form and vice versa.  [CN] 
 

2.7 Note:   
• Students must be familiar with the laws of exponents. 
 
(See examples 19, 20, and 21) 
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Specific Outcome 2.8   

Use logarithms to model practical problems.   [CN, PS, V] 
 

2.8 Note:  
• Formulas will be given for problems involving decibels, earthquake intensity, etc. 
 
(See example 22) 

 
 
 
Specific Outcome 2.9   

Explain the relationship between the laws of logarithms and the laws of exponents.  [C, T] 
 

2.9 Note:   
• The laws of logarithms could be derived in terms of the laws of exponents. 

 
 
 
Specific Outcome 2.10   

Graph and analyze logarithmic functions with and without technology.  [R, T, V] 
 

2.10 Note:   
• Use technology to explore the shape of an exponential function graph.  From it, sketch the 

graph of the inverse (logarithmic) function without technology. 
 
(See example 23) 
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Acceptable Standard 

 
Standard of Excellence 

The student can 
 

The student can also 

• generate the terms of a geometric sequence  
• find the general term of a geometric sequence  
• write the terms of a geometric series given 

sigma notation 
• use sigma notation to represent the sum of  

a geometric series 
• find the sum of any finite geometric sequence  
• find the sum of a geometric series given the 

terms or given a general term 
• solve for the number of terms in a geometric 

series, given the sum and other necessary 
information 

• solve for  a, r,  or  n  given specified terms 
and/or other necessary information 

 

• solve for a specified term of a geometric 
sequence and solve for an exponent in an 
exponential equation by considering tables, 
graphs, and common bases     

 

• use a graphing calculator or computer to 
verify solutions 

 

• solve exponential equations in which the 
bases are powers of one another 

 

• solve exponential equations in which the 
bases are not powers of one another and the 
exponents are monomials 

• solve exponential equations in which the 
bases are not powers of one another and the 
exponents are not monomials, or there is  
a coefficient in front of the base 

• solve a variety of problems by using 
exponential and/or logarithmic methods 

 

• predict the effect on the graph of an 
exponential function that has had its base 
value altered 

 

• identify domain, range, x-intercepts,  
y-intercepts, and asymptotes from the graph 
or from the equation of an exponential 
function 

 

• graph an exponential function by using 
technology 

 

• show the relationship between the graph of an 
exponential function and the graph of its 
inverse, which is a reflection in the line  y = x 

 

• understand the relationship between an 
exponential function and its inverse, and 
determine what properties of the function are 
different in the inverse 
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Acceptable Standard 

 
Standard of Excellence 

The student can 
 

The student can also 

• find solutions to exponential function 
problems when formulas are given 

• find solutions to exponential function 
problems when formulas are not given and 
must be created algebraically 

• use regression methods on a calculator to 
determine an exponential equation 

 

• change forms between xby =  and 

xyb =log  

• change forms between xaby =  and 

x
a
y

b =log  

• compare values, such as earthquake 
intensities, given a relation including 
exponents 

• solve for a value or exponent in comparison 
problems 

• explain the relationship between laws of 
logarithms and laws of exponents 

 

• use appropriate laws to simplify exponential 
and logarithmic expressions, and to verify 
identities 

 

• identify domain, range, x- and y-intercepts, 
and asymptotes from the graph of a 
logarithmic function of the form xy blog=  

 

• graph logarithmic functions with a base other 
than 10 by using technology 

 

• solve exponential and logarithmic equations 
but may not recognize extraneous solutions  

• recognize extraneous solutions when solving 
exponential or logarithmic equations  

• participate in and contribute toward the 
problem-solving process for problems that 
can be represented by logarithms or 
exponential functions studied in Pure 
Mathematics 30 

• complete the solutions to problems that can 
be represented by logarithmic or exponential 
functions studied in Pure Mathematics 30 

• sketch the graph or find the equation when 
given a single transformation 

• sketch the graph or find the equation when 
given multiple transformations 
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Examples 
 
Students who achieve the acceptable standard should be able to answer all the following 
questions, except for any part of a question labelled SE .  Parts labelled SE  are appropriate 
examples for students who achieve the standard of excellence. 
 
 
1. What is the seventh term in the geometric series  300 + 60 + 12+ … ? 
 

Solution:  12
625

 

 

  t7 = 
17

5
1300

−

⎟
⎠

⎞
⎜
⎝

⎛
 

   = 
625
12  

 
 
 
2. The sum of the first  10  terms of the geometric sequence  – 4, 6, –9, …,  to the nearest 

tenth, is 
 
  A. 153.8 
 * B. 90.7 
  C. –61.5 
  D. – 453.3 
 
Solution: 
 

a = – 4,  3 ,
2

r = −   n = 10 

 S10 = 

10
34 1
2

3 1
2

⎛ ⎞⎛ ⎞⎜ ⎟− − −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
− −

 

  ="  1.6(56.665…) 

  ="  90.66…   
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3. A clothing store is going out of business.  The owner reduces the cost of each item by  10%  

of the current price at the start of each week.  A jacket costs  $120.00  during the  1st  week 
of the sale.  If this jacket is still in the store during the  5th  week of the sale, then the price 
of the jacket, to the nearest cent, will be 

 
  A. $70.00 
  B. $70.86 
 * C. $78.73 
  D. $80.00 
 
Solution:   
 

Sequence:  $120.00,  $108.00,  $97.20, … 
a = 120,  r = 0.9,  n = 5 

 t5 = 120(0.9)5 – 1    

  ="  $78.73 

 
 
 

4. Write the first four terms in the series defined as  
20

1 2 5

2

[( 1) (2) ]i i

i

− − +

=
−∑ .   

 
Solution: 
 

For the first term,   i = 2 (–1)2 – 1(2)–2(2) + 5 = –2 

For the second term,   i = 3 (–1)3 – 1(2)–2(3) + 5 = 1
2

 

For the third term,   i = 4 (–1)4 – 1(2)–2(4) + 5 = 1
8

−  

For the fourth term,   i = 5 (–1)5 – 1(2)–2(5) + 5 = 1
32
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SE  5. Write the geometric series  3 – 6 + 12 – 24 + …+ 192  using sigma notation. 

 
Solution: 
 
 r = –2,  a = 3,  tn = 3(–2)n – 1   

  192 = 3(–2)n – 1   
  64 = (–2)n – 1      
  (–2)6 = (–2)n – 1      
  6 = n – 1 
  7 = n 

 Therefore, 
7

1

1

3( 2)n

n

−

=
−∑   represents the geometric series. 

 
 

Use the following information to answer the next question. 

 
The table below shows the population of Allendale over a  5-year  period. 
 
 Year 1998 1999 2000 2001 2002 2003  

 Population 75 150 300 600 1 200 2 400  

 
Assume that the present rate of growth continues. 
 

 
6.  a. Determine the equation that models population as an exponential function of the 

number of years since 1998.  
  b. Use the equation to determine the predicted population in 2008. 
  c. The yearly population figures for Allendale form a geometric sequence.  Which term 

of the sequence would yield the predicted population for 2008? 
  d. Use the formula  tn = arn – 1,  to find the predicted population for Allendale in 2008. 
 
Solutions: 
 
  a. y = 75(2)x, where x is the number of years since 1998 
  b. Let  x = 10. 
   The predicted population is 76 800. 
  c. The 11th term. 
  d.  tn = arn – 1    

    t11 = (75)(2)11 – 1    

     = (75)(2)10    
     = 76 800 people 
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Use the following information to answer the next question. 

 
In 1995, Canada’s population was  29.60  million and was growing at about  1.24%   
per year.  Based on this information, a teacher calculated the predicted population for 
Canada for seven subsequent years.  The teacher then presented his students with the 
table and graph shown below. 
 

  
Year

Time (t) 
in Years

Population (P)
in Millions 

 

 1995 0 29.60  

 1996 1 29.97  

 1997 2 30.34  

 1998 3 30.71  

 1999 4 31.10  

 2000 5 31.48  

 2001 6 31.87  

 2002 7 32.27  

 

0 1 2 3 4 5 6 7
0

29

30
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33
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P
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P
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)
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7.  a. Student A wanted to represent the population data as an exponential regression 

equation in the form  P = a(b)t,  where  t = time  in years and  P = population  in 
millions.  Enter the data in Time(t) as list L1 and Population(P) as list L2, and 
determine the exponential regression values of  a,  to the nearest hundredth, and  b,  to 
the nearest ten thousandth. 

 
  b. Student B realized that the data could be modelled as a geometric sequence.   

The student listed the first three terms of the sequence as  t1 = 29.60,  t2 = 29.97,   
and  t3 = 30.34,  and then wrote the general geometric sequence formula   

tn = 29.60(1.0124)n – 1,  n ∈ N. 
 
 • Predict the population of Canada, in millions, in the year 2010 using both students’ 

equation models.  Explain what the values of  t  and  n  represent. 
 
 • Which student’s equation model is more appropriate to describe Canada’s 

population growth?  Support your answer with appropriate explanations. 
 
Solutions: 
 
  a. P = (29.60)(1.0124)t    
 

b. Student A 
 

Student B 

 • P(15) = 29.60(1.0124)15   
 P(15) = 35.61 million   
 
 t represents the number of years that 

2010 is after the year 1995 (t = 0).  
Therefore, the population in 2010 
occurs when t = 15. 

• t16 = 29.60(1.0124)16 – 1    
 t16 = 35.61 million 
 
 n represents the position of the term in 

the sequence.  The first term, n = 1,  
represents the population in 1995.  
Therefore, the population in 2010 is the 
16th term in this sequence, so n = 16. 

 
 • Student A describes population growth 

as a continuous function. 
• Student B describes population growth 

as discrete values of the average annual 
growth. 

 
   Student A’s equation model is more appropriate since population grows throughout 

each year. 



 25  Pure Mathematics 30 
 Exponents, Logarithms, and Geometric Series 

 

8. Determine the exact value solution for the equation  
3

2 +11 = 2(16)
8

x
x

−
⎛ ⎞
⎜ ⎟
⎝ ⎠

.   

 

Solution:  4
11

 

 

 3 3(2 )x− −  = 1 4 2 +1(2) (2 ) x     

 3 +92 x−  = 1 8 +42 (2) x  

 3 +92 x−  = 8 +52 x  

∴  by comparing the exponents on the like bases,  
 –3x + 9 = 8x + 5 

 4 = 11x   

 x = 4
11

 

 
 
 

9. Verify  that  
2logloglog 333 xxx =⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

,  where  x > 0. 

Solution: 
 
 If  x = 2,  

  Left side:  ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ 2log2log 33  = 2log2log3 +   Right side:  

22log3  = log 43  

   = 4log3  
   

∴  Left Side = Right Side 
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SE  10. An investment of  $1 000  is earning  4%  interest per annum compounded annually.  If the 

value,  V,  of the investment after  t  years is given by  V = 1 000(1.04)t,  then  t,  written  
as a function of  V,  is 

 

  A. 10
10

log ( )
log (1.04)

3
V

t = −  

  B. 10

10

log ( )
3log (1.04)

V
t =  

  C. 10 10log ( ) 3 log (1.04)t V= − −  

 * D. 10

10

log ( ) 3
log (1.04)

V
t

−=  

 
Solution: 
 
  log10(V) = log10 [1 000(1.04)t] 

  log10(V) = log10 1 000 + log10(1.04)t   
  log10(V) = 3 + t log10(1.04) 
  t log10(1.04) = log10(V) – 3 

  t = 10

10

log ( ) 3
log (1.04)

V −
 

 
 
11. If  log3y = c – log3x,  where  y > 0  and  x > 0,  then  y  is equal to  
 
  A. c x−  

  B. c
x  

  C. c
x

3
 

 * D. 3c

x  

 
Solution:   
 
 log3 y + log3 x = c   
  log3 (y • x) = c   

  3c = y • x 

  y = 3c

x
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SE  12. Solve  1)5(log)1(log 77 =−++ xx ,  and verify your solution. 

 
Solution: 
 
  )5(log)1(log 77 −++ xx  = 1, where  x > 5  

  )]5)(1[(log7 −+ xx  = 1 

  17  = 542 −− xx  

  0 = 1242 −− xx  
  0 = )2)(6( +− xx  
  x – 6 = 0    or    x + 2 = 0 

  x = 6    or    x = –2 extraneous root 
Verification: 
  )56(log)16(log 77 −++  = 1 

  1log7log 77 +  = 1 

  1 + 0 = 1 
 
  )52(log)12(log 77 −−++−  = 1 

 ((( '((( &%
root extraneousan  is  2impossible

)7(log)1(log 77

−=∴
−+−

x

 = 1 

 
 

Numerical ResponseSE  
 
13. In the equation  32x + 1 = 7,  the value of  x,  to the nearest hundredth, is _____________.  
 
Solution: 
 log 32x + 1 = log 7 
 (2x + 1) log 3 = log 7 
 2x log 3 + log 3 = log 7 
 2x log 3 = log 7 – log 3 

 x = 
log 7 log 3

2log3
−

  or  

7log
3

log9

⎛ ⎞
⎜ ⎟
⎝ ⎠  

 x = 0.38562… 
 x ="  0.39 
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14. Use a graphing method to determine the value of   x  if  43 =x .  
 
Solution: 
 
 Use window  x: [0, 5, 1]  y: [–1, 7, 1] 

 Graph  xy 31 = . 

Graph  42 =y . 
Determine the x value at the intersection point.   
The value of x is approximately 1.26. 
 

2 3 4 51

–1

1

2

3

4

5

6

7

•

y

x

y1

y2

 
 
 Alternate Solution: 
 
 Graph y = 3x  – 4 and find the x-intercept or real zero.  This is the root of the corresponding 

equation 0 = 3x – 4.   
 
 Note: In either method, the trace button is not accurate enough to determine the  

value of x.   
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15. The graph of  y = f (x) = bx ,  where  b > 1,  is translated such that the equation of the new 

graph is expressed as  y – 2 = f (x – 1).  The range of the new function is 
 
 * A. y > 2 
  B. y > 3 
  C. y > –1 
  D. y > –2 
 
Solution: 
 

The range of y = bx  is y > 0.  The translated graph has been shifted up 2 units, so the new 
range is y > 2.   

 
 

SE  16. The population of a city was  173 500  on January 1, 1988, and it was  294 000  on  
January 1, 2002.  If the growth rate of the city can be modelled as an exponential function, 
then the average annual growth rate of the city, expressed to the nearest tenth of a percent, 
was 

 
  A. 1.0% 
 * B. 3.8% 
  C. 6.9% 
  D. 12.1% 
 
Solution: 
 

 294 000 = 
14
1173 500( )a ,  where  a = 1 + i   

 294 000
173 500

 = a14   

 a = 

1
14294 000

173 500
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 a ="  1.038 
 
 Therefore, the average annual growth rate was approximately 3.8%.   
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17. The following data represent the cooling of a cup of hot chocolate over time.  Use 

exponential regression to find an equation in the form  T = a(b)t,  where  t = time (min)  and  
T = temperature (°C).   

 
Time 
(min) 

Temperature 
( °C) 

0 60 
5 54 

10 48 
15 44 
20 41 

 
Solution: 
 

Enter the time data in LIST 1 and temperature data in LIST 2 on a graphing calculator. 
Perform the exponential regression function on the calculator.   
This results in the equation T ="  59.4(0.98)t. 
 
Note: For calculators that use the form y = ae(bx) for exponential regression, the resulting 

equation will be y = 59.4e–0.019t.  The value of e–0.019 is approximately 0.98; 

therefore, = 59.4(0.98)tT " . 
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Numerical ResponseSE  

 
18. Earthquake intensity is given by  mII )10(o= ,  where  Io  is the reference intensity and   

m  is magnitude.  A particular major earthquake of magnitude  7.9  is  120  times as intense 
as a particular minor earthquake.  The magnitude, to the nearest tenth, of the minor 
earthquake is _____________. 

 
Solution:  5.8 
 

  1I  = 9.7
o )10(I  

  ÷  2I  = mI )10(o  
  _______________________ 

  
2

1
I
I

 = (7.9 )10 m−  

  120 = (7.9 )10 m−  
  log10120 = log1010(7.9 – m)    
  log10120 = (7.9 – m) log1010 
  log10120 = 7.9 log1010 – m log1010 
  m = 7.9 – log10120  
  m ="  5.8 
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19. If  
2
3

64
1log −=⎟

⎠
⎞

⎜
⎝
⎛

x ,  then  x  is equal to 

 
 * A. 16 

  B. 8 

  C. 
8
1  

  D. 
16
1  

 
Solution: 
 

 
3

2x
−

 = 1
64

    

 

2
33

2x

−
−⎛ ⎞

⎜ ⎟
⎜ ⎟
⎝ ⎠

 = 

2
31

64

−
⎛ ⎞
⎜ ⎟
⎝ ⎠

    

 x = 16 

 
 
 
20. The equation  y = 43x   can also be written as 
 

  A. 
4

log3 x
y =  

  B. 
3

log4 x
y =  

  C. 
4

log3 y
x =  

 * D. 
3

log4 y
x =  

 
Solution: 
 

If c = ab, then b = logac.   
 
Given y = 43x, then 3x = log4 y   

 x = 4log
3

y
 

 

or  log y = log(43x) 
 log y = 3x • log 4 

 
log
log 4

y
 = 3x 

 4log y  = 3x 

 4log
3

y
 = x 
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SE  21. If  ,15log3 =x   then  ⎟
⎠
⎞

⎜
⎝
⎛ x

3
1log3   is equal to 

 
 * A. 14 
  B. 12 
  C. 5 
  D. –15 
 
Solution: 
 
  3log x  = 15 

  x = 315    

 ∴   3
1log
3

x⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 15
•3

1log 3
3

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

   = 14
3log (3 )     

   = 14 
 
 
 

Use the following information to answer the next question. 

 
An equation that defines the decibel level for any sound is 

10
0

10 log ,IL
I

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
  where L = loudness in decibels 

 I = intensity of sound being measured 
 I0 = intensity of sound at the threshold of hearing 
 

 
22. Given that normal conversation is  1 000 000  times as intense as  I0,  the loudness of 

normal conversation is 
 
  A. 5 decibels 
  B. 6 decibels 
  C. 16 decibels 
 * D. 60 decibels 
 
Solution: 

 L = 0
10

0

1 000 000
10log

I
I

⎛ ⎞
⎜ ⎟
⎝ ⎠

    

  = 1010log (1 000 000)     

  = 10 • 6 

  = 60 
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23. Graph  xy 2log= ,  and identify the domain, range, x- and y-intercepts, and asymptotes. 
 
Solution: 
 
  y = x2log  

  y2  = x 
 

x 
2
1  1 2 4 8 

y –1 0 1 2 3 

 
Domain:  x > 0 
Range:  y ∈ R 
Intercepts x:  (1, 0) 

  y:  none 
Asymptote:  x = 0  or  y-axis 

 
 or 
 

 Graph 10

10

log
log 2

x
y =  using a graphing calculator. 

 

2–2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
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